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ABSTRACT: A string field theory of (p,q) minimal superstrings is constructed with the
free-fermion realization of 2-component KP (2cKP) hierarchy, starting from 2-cut ansatz
of two-matrix models. Differential operators of 2cKP hierarchy are identified with operators
in super Liouville theory, and we obtain algebraic curves for the disk amplitudes of n = —1
FZZT-branes and the partition functions of neutral/charged n = —1 ZZ branes, which
correctly reproduce those of type 0B (p, ¢) minimal superstrings in conformal backgrounds.
In the course of study, some subtle points are clarified, including a difference of (p,q)
even/odd models and quantization of flux, and we show that the Virasoro constraints
naturally incorporate quantized fluxes without ambiguity. We also argue within this string
field framework that type OA minimal superstrings can be obtained by orbifolding the type
0B strings with a Zo symmetry existing when special backgrounds are taken.
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1. Introduction

Noncritical string theories [[l] are useful toy models to investigate various aspects of su-
perstrings. While sharing many of important properties with their critical counterparts,
noncritical string theories have fewer degrees of freedom and in many cases they are in-
tegrable [B—H]. They also have a description based on a string field theory for bosonic
cases [

For the last ten years, a great progress has been made in the understanding of noncrit-
ical superstring theories based on super Liouville theory [[J—[[q], and some exact results
on correlation functions have been obtained. The main aim of the present paper is to con-
struct a string field theory of (p, ¢) minimal superstrings such that it has a nonperturbative
definition and correctly reproduces all the known results in super Liouville field theory.

Our basic strategy is to use 2-cut solutions of two-matrix models as a nonperturbative
definition of (p,q) minimal superstring theories. This is based on the recent observation
that 2-cut solutions [ R3] of one-matrix models with symmetric double-well potentials
describe two-dimensional pure supergravity, or (p,q) = (2,4) type 0 superstrings [R4, B
There the symmetric fluctuations of eigenvalues are interpreted as being in the NS-NS
sector while the antisymmetric ones in the R-R sector [, P7]. Furthermore, by fine-
tuning the potentials, one obtains a series of higher multicritical points, which are identified
with (p,q) = (2,4k) type O superstrings [P4]." This is reminiscent of what happened
for bosonic minimal string theory, where one-cut solutions of one-matrix models describe
(p,q) = (2,2k — 1) Kazakov series 2§, RJ], while those of two-matrix models describe all
the (p, ¢) minimal strings [Bd, BI]. Thus, it is natural to expect that generic (p, q) minimal
superstring theories can be defined as continuum limits of two-matrix models in 2-cut
phases. We show that this is indeed the case; we find that 2-cut solutions of two-matrix
models generically have the integrable structure of the 2-component KP (2cKP) hierarchy,
and that physical operators in super Liouville theory have their counterparts in the 2cKP
hierarchy. We will see that this mapping enables us to construct a string field theory of
(p,q) minimal superstrings, and the obtained results correctly reproduce those in super
Liouville theory.

We here give an intuitive explanation of why 2-cut solutions of matrix models and the
2cKP hierarchy play a particular role in type 0 superstring theory.

Matrix models are originally introduced as the generators of random triangulations
of a surface and are found to successfully describe bosonic noncritical strings (or two-
dimensional quantum gravity) in their continuum limits. The matrix models of type 0
superstrings do not give triangulations of a surface in a usual sense but behave as the
generators of “the square roots of triangulations.” This can be seen as follows.

First, from the worldsheet side with Liouville superfield ®(z, 2, 6, 0) = ¢(z, 2) +i6(z, 2)
+i01(2, Z) +i00F (2, z), the bulk cosmological constants x is introduced as the coefficients
of super Liouville potential (see, e.g., P7)):

int

glbull) / dzdzd0d0 [—ip P3O0 ~ / dzdz [—ipye e + (u2/4)€%%],  (1.1)

!There are also (2, 4k + 2) theories in a flow generated by R-R operators.



from which one sees that p is the square root of its bosonic string counterpart, ppes, the
Laplace conjugate to the area of random surface. A similar analysis can be made also for
the boundary cosmological constant ¢ and its bosonic counterpart (05, and we have the
relation

C ~ Cbom M~/ Hbos- (12)

That is, the boundary and bulk cosmological constants of minimal superstrings are related
to the square roots of their bosonic counterparts.

On the other hand, the boundary cosmological constant (o5 can be regarded as the
complex coordinate of two—dimensi(zgal target space [[Jl. In fact, in the bosonic case, the

macroscopic operator O((pes) = / dl e~tos O(1) can be expressed (up to the so-called

0
nonuniversal terms) as the summation of microscopic operators O,

O(Coos) ~ Y € On G771, (1.3)

n

where O,, = /dzdéeia"X(Z’ZHﬁ" #(*%) with the Feigin-Fuchs matter X (z,%), and a, =

(b~' —b) —n/\/pq and B, = (b1 +b) — n/\/Pq for cmatter = 1 — 6(q — p)*/qp and b =
\/p/q(< 1). The coefficients ¢, may be complicated, but in any case O((pos) Teceives a
nonnegligible contribution when the following relation holds for some (z, 2):

ééﬁ,’ ot (6 X(22)) (1.4)
This enables us to interpret the operator O((pos) as creating a closed loop at the spacetime
complex coordinate (5. This also implies that (o5 € Ry is related to Liouville coordinate
¢ and the limit Re (05 — +00 corresponds to the weak coupling region ¢ — —oo [BJ].2

In super Liouville theory, it is again (pes ~ ¢? that allows such analysis based on the
Feigin-Fuchs representation. Thus, for a given spacetime Liouville coordinate (hos € Ry,
the boundary cosmological constants ( and —( are naturally paired to give the bosonic
boundary cosmological constant (pos ~ (2, and the weak coupling region of Liouville theory,
¢ — —o0, corresponds to Re( — +o0.

Since the cuts in a spacetime geometry of ( are also paired to give a single cut for
bosonic counterpart (? ~ (pos (figure 1), such a geometry is realized in a 2-cut hermitian
matrix model with a symmetric double-well potential, such that its eigenvalue =z € R in
one cut is always paired with —z in the other cut. It then can be understood that ( in
super Liouville theory is related to the matrix-model eigenvalue x as

¢ = —iz, (1.5)

which was first pointed out in [R4].

?We should stress here that the above is a rough discussion since terms with large n in the summation
(B) become nonnegligible when |(pos| is small enough which may be out of the perturbative region.
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Figure 1: A typical geometry of spacetime with ¢ and (?

From the viewpoint of integrable system (or string field theory discussed in this paper),
the coordinate (},5 in bosonic string theories is represented as the eigenvalue of a differential
operator P = 0P + --- (see, e.g., []). Such a system including higher-order differential
operators can be systematically analyzed once it is embedded into the KP hierarchy (see,
e.g., B3, B4]). For type 0 NSR superstrings, we consider a 2 x 2 matrix-valued differential
operator of the form

P=030"+--- (1.6)

which naturally has a pair of eigenfunctions () and U@ with eigenvalues ¢ and —(,

respectively:

This is reminiscent of the Dirac theory of fermions, where the “square root” of the Klein-
Gordon equation is realized by using a matrix-valued differential operator. Such a system
turns out to be in a class of 2cKP hierarchy as we review in the next section. There we
will find that the operators of the form OL? I~ on + .-+ correspond to the fluctuations of
an NS-NS scalar, and those of the form Og] = 030" + - -+ to the fluctuations of an R-R

scalar. We will also see that such system can be fully described by 2-component fermions,

1 (1 2 (2
(0.8 ©). («7(©.87(). (18)
the former of which corresponds to the creation/annihilation of an n = —1 FZZT brane

of charge +1/2 and the latter to that of charge —1/2, both placed at the same spacetime
point ¢2 but at different “superspace points” ¢ and —(, respectively.?

3Here 7 represents the relation of the left and right supercharges on a boundary, Q1 = inQr. The
operators that can be naturally derived from matrix models are found to choose n = —1, as was pointed out
in @] It would be interesting to investigate whether our string field theory can describe the case n = +1.
There is an interesting proposal from a loop gas approach @]



This paper is organized as follows. In section 2, we analyze two-cut two-matrix models
closely following the analysis made in one-cut two-matrix models [B0, B1l, Bf], and show
that operators in super Liouville field theory can totally be written in terms of 2cKP
hierarchy. In section 3, we solve the Douglas equation in such systems and derive the
Wit constraints. We also derive string equations, and show that background R-R fluxes
can be incorporated into our formalism without ambiguity (not as integration constants
in string equations). This reflects the fact that the Virasoro constraints (included in the
W14 constraints) are in the “once-integrated form” of string equations [@] In section 4,
we introduce type 0B (p,q) minimal string field theory, and clarify the meaning of FZZT
and ZZ branes in our context. In section 5, we calculate the disk amplitudes of n = —1
FZZT branes and derive the corresponding algebraic curves. We find there that the even
and odd minimal superstrings, though apparently different, can have a common description.
We also calculate the partition functions of neutral/charged n = —1 ZZ branes. Section 6
is devoted to conclusion and discussion, and we there make a comment on how type 0A
superstrings (which is described by complex matrix models [B§—[]) are obtained within
our framework.

2. 2-cut two-matrix models and 2cKP hierarchy

In this section, we investigate 2-cut two-matrix models and show that 2-cut ansatz gives
2-component KP (2cKP) hierarchy [B3, [, ] as their integrable structure. We also
establish the identification of the differential operators appearing in 2cKP hierarchy with
the operators in (p,¢) minimal superstring theories.

2.1 Two-matrix models with 2-cut ansatz

The partition function of a two-matrix model is defined by the following integral of two
N x N hermitian matrices X and Y:

Doy = / dXdY e VrwEY) (X, Y) = Vi(X) + Va(Y) — eXY, (2.1)

and can be written in terms of the eigenvalues of X and Y ({z;} and {y;} (i=1,---,N),
respectively) as

N
Zus = [T] dids A(z) Ay e T, (2.2)
i=1

Here A(z) and A(y) are the van der Monde determinants (e.g. A(z) = H(x, — zj)).
1<j

Since 2-cut critical points of one-matrix models were found at the origin of Zs symmetric

potential of eigenvalue A, V(—\) = V()\) [[L4-[d], it is natural to expect that 2-cut critical

points of two-matrix models are obtained from the following Zs symmetric potential®

4In a similar way, we can introduce multi-cut, multi-critical multi-matrix models with the strategy

of @] For example, 4-cut two-matrix models can be derived by requiring the following Z4 symmetry:

w(wz, w’y) = w(z,y), (w = e*¥*), under which the interaction term czy is invariant.



or equivalently Vi(—z) = Vi(x) and Va(—y) = Va(y). In this paper, we consider more
general cases where systems may also be under Zs-odd perturbations, and study the two-
matrix potential with the following Zs property:

w(=x, —y) = w(z,y), (2.4)

where * means complex conjugation. This complex conjugation implies that coefficients of
odd terms in Vi (z) and Va(y) are pure imaginary. This follows from the one-matrix-model
analysis [R1]|, where critical points are found on flows of Zs-odd perturbations only when
the coefficients of odd terms are pure imaginary. It is an analogue of Lee-Yang edge singu-
larity [RJ], and matrix models with this setup are known to be defined nonperturbatively
with potentials bounded from below. We assume that it is also the case in two-matrix
models.
This model can be solved by investigating its orthogonal polynomial system

(wn—i----), Bplz) = (yn+...) (n=0,1,2,--), (2.5)

which we now require to satisfy the orthonormality conditions:

Om,n = <am‘ﬁn> = /dx dy e Nu@y) () Bn(y), (2.6)

and the partition function is given as Zj,; = N! HnNz_Ol h,. Reflecting the above Zy sym-
metry (R.4)), the orthonormal polynomials o, (x) and 3,(y) are equipped with the following

Z9 structure:

an(—z) = (=1)"ap(z),  Bu(=y) = (=1)"Bily)  (n=0,1,2,---). (2.7)

Then the 2-cut critical points are realized at the origin of eigenvalues, (z.,.) = (0,0).5
This polynomial system is characterized by the canonical pairs of operators Q1, Pj,
Q2 and P5 defined by

T an(x) = Z am(z) (Q1),,, %an(x) = Z am(z) (P1), (2.8)

V) = 3 5 (0) (@a),, B = > ) (B 29
which satisfy the relations
[P, Q1] =1, [Pz, Q2] =1. (2.10)
They are equivalent to
(@17, —cQ2] =N"'1, (2.11)

®More generally, one can assume (z,y.) = (ic1,icz2), but this always can be shifted to the origin by a
proper deformation of potential, which corresponds to redundant operators in the R-R sector.



since P; and Py satisfy
P, = N(—C Q2T + V{(Ql)), Py = N(—C QlT + VQI(Qz)) (212)

Since the scaling behaviours of these polynomials are different for even and odd index n, we
rearrange the orthonormal basis such that n runsasn =0,2,4,--- ,1,3,5,--- and multiply
the basis (aor (), agrs1(2)) and (B2k(y), Bae+1(y)) by a common factor (—1)* [4]. Then
the operators Q7 and @, become 2x2 block matrices, each of four elements is a difference
operator, and we can render these difference operators such as to behave smoothly for a
small change of n by tuning the potentials properly.

As is discussed in appendix ] in detail we can take a continuum limit in such a way
that they have the following scaling behaviors with respect to the lattice spacing a of
random surfaces:

Nl =gaPtD/2 Qi =ici1s4+id®? P, Q2' =icls+iai?Q. (2.13)

Here P and Q are 2 x 2 matrix-valued differential operators of order p and ¢, respectively,
L N —
with respect to the scaling variable £ = —a_(p+q_1)/zTn (< 0):

P

q
S Ul Q=Y vf©o (9= 9 —a_1/23>. (2.14)
=0

P
— 0& on

The analysis made in appendix [A] allows us to set the following reality condition on the
coefficients

UP, U¥ €eR13+Roz +Roy +iRoy, (2.15)

especially Uéj , U(? € R13+Roo. Then eq. (P.11)) is rewritten into the form of the Douglas
equation [B(]

[P, Q] =g1. (2.16)
The Douglas equation (P.16]) is invariant under the transformation
P—cV(E) P-VE, Q- V() Q V(E™! (2.17)

with a nonvanishing constant ¢ and a regular function of £, V (¢) = e12/1 (©)+o3f2(8) gi(m/4)or
Using this, we can always assume that the pair (P, Q) is in the canonical form which
satisfies:

P
UF = ogeros, Ug) = ¢, (03co80, +13sin6,), Ul = (UOP U;;) . (2.18)

The case of 6, = 0 and € = 1 is of our concern as was discussed in Introduction, and we
assume this in the rest of this article:

P=03d"+..., Q= (C([IO}O'g —|—c([11]12)(9‘j 4+ (2.19)

6This assumption can actually be set without loss of generality. See footnote E in subsection @



(1]

It turns out that the special cases where c¢;' = 0 correspond to critical points obtained
from Zy symmetric potentials (i.e. universality classes defined by NS-NS operators), and

[0 _

that the cases where ¢;” = 0 correspond to critical points to be found in odd perturbations
(i.e. in a flow generated by R-R operators).

2.2 Deformation of potentials and 2cKP hierarchy

Under deformations of the potential w(x,y) in two-matrix models
Nuw(z,y) — Nw(z,y) + Now(z,y), (2:20)

the matrix-valued differential operators P and @ will change as

6P =-[H,P]|, 6Q =-[H,Q], (2.21)

1 1
g g
with retaining the Douglas equation (R.16). An analysis similar to the 1-cut case [BJ, fj]
shows that such H can be expanded as”

H = i > szl (o', (2.22)

n=0 p=0,1

Here o and L are matrix-valued pseudo-differential operators of the form

c=03+Y Zn(§)07", L=10+)Y Up1()0" (2.23)
n=1

n=1

which satisfy the relations®

[0,P] =0, o*=1,, oL’=P, (2.24)

and the positive and negative parts of a matrix-valued pseudo-differential operator A =
Y nez an0™ are defined as

Ay = Zana”, A_= Z a,o0". (2.25)
n>0 n<0
One can easily see that the operators of (L") (u = 0) are given by even deformations of
the potential w(z,y) while (6 L™)1 (u = 1) by odd deformations.
By assuming that the pair of differential operators (P, Q) are under perturbations

with finite x%d’s, they become functions of the variables x = (x%d) n=1,2,---; n=0,1),
and the deformation equations are rewritten as
oP 0Q
PIRCA ) T - I S () A o (2.26)
a1 | b g |

"By requiring that P 4+ 6P and Q + 6Q also retain the Z, structure (@), all the parameter 537%‘] must
be real, and thus H also satisfies the condition (R.15).

01
8In this paper, o* means ()", and the index of the Pauli matrix is denoted by subscript: o1 = < ) ,

10
—1 1
o9 = (? OZ> and o3 = <0 01>. For example, o3 = (03)2 =1 etc.



One can easily find that the operators o and L are uniquely determined for a given differ-
ential operator P, and thus the deformation equations of & and L are given by

0 OL
I o ([JA-L} - [(U“L")Jr’o-]’ 98 W [(UuLn)Jﬂ L]- (2.27)
Tr, it

These are known as the Lax equations of 2cKP hierarchy. Thus we conclude that the
underlying integrable structure of 2-cut two-matrix models is the 2cKP hierarchy. Note
that 9 (E 6/65) = g@/@x[lo] since Ly = 150. Thus, all of the above operators depend on
the indeterminate & as f(§,x) = f(x[lo] + gg,g;g)]’ e x[ll],xgl], -++). Therefore, in the rest
of the present paper, we absorb ¢ into 5610 and set & = 0.

The 2cKP hierarchy equations (R.27) are the conditions that ensure the existence of
a matrix-valued Baker-Akhiezer function ¥(z;\) = (W) (z;1)) (3,5 = 1,2) solving the

following linear problem with a spectral parameter A which is invariant under the flows of
(1]

oV (z;\) = ¥(x;\) os, LU(x;\) =TU(xz;\)A, (A = <3 g)) (2.28)
and
%@A) = (ML), U(z; N). (2.29)

The linear problem and the Douglas equation can be best solved by introducing a 2 x 2
matrix-valued Sato-Wilson operator W (z;0) = 12 + 3, 51 w,(2)0™", which satisfies

oc=WaosW™, L=Wow L (2.30)

The 2cKP equations (.27) are equivalent to the so-called Sato equations

oW
P

n

= (o'L") W — Wohd" (= —(a"L")_W). (2.31)

Then the Baker-Akhiezer function is solved as

U(z; ) = W(x;0) ‘GXp<g_1 Z Z )\nxwaéf)

n>1 p=0,1

= ®(z; ) - exp <gil Z Z A"m,@aé‘) (2.32)

n>1p=0,1

with ®(x;\) = W (x; 8)‘8ﬁ>\. Note that the operator W is uniquely determined up to the
right-multiplication of a diagonal pseudo-differential operator with constant coefficients:
W -Ww. eZn<OC"an (Cn €R1y + RO’g).

2.3 Identification with (p,¢) minimal superstring theory

We now identify the operators of 2cKP hierarchy (or the matrix models) with those of
super Liouville theory. There are two types of minimal superstring theories (see, e.g., [24]):



(p,q) even minimal superstrings: (p,q) = (2p,2q) with p+ § € 2Z + 1,
(p,q) odd minimal superstrings: (p,q) = (p,q) with p, ¢ € 2Z + 1 (p+ q € 27Z).

Each has a sequence of operators (’),[f =l (n = gr —ps), where r — s € 27 corresponds to NS-
NS operators and r —s € 2Z+1 to R-R operators.” They are expressed as the gravitational
dressing of the corresponding operators OﬁlM)[r_s} of (p, ¢) minimal superconformal matters
which have the conformal dimensions

(Gr —ps)* = (G—p)* 1-(=1)*

M)r—s] _
A = 7= g (2.33)

The string susceptibility st is measured with the operator O, of minimal scaling dimen-
sion which is given by either of OEO] (NS-NS) or OP (R-R) for even minimal superstrings

and by Opin = OP (R-R) for odd minimal superstrings, and is found to be

2 (even)
1 —7_2 even
Yoo = T e T p +? . (2.34)
p+a e (0dd)
p+q—1

The gravitational scaling dimensions A,[f J of the operators OLM are then defined by

<(9,[{‘11} .. (91[1“1\];\]] e_tomin>
<Omin ce Omin eftomin>

= g =il A (2.35)

and given by

0 j_P+qg—n
Al = Al = a1 (2.36)
To identify the operators, we first note that the operators (L"), and (oL"), are
differential operators of the same order. They will give the same gravitational scaling
dimensions and thus should be considered in pairs. Furthermore, according to the analysis
of one-matrix model with a symmetric double-well potential, the excitations symmetric
under the reflection belong to the NS-NS sector, and those antisymmetric to the R-R
sector [, 1, @] Following the derivation given in subsection R.1], one can easily see that
such reflection is realized in our 2cKP by the transformation C : (o, L) — (—0o, L).!9 This
implies that in the pair ((L™)4, (0 L™);), the former (u = 0) should belong to the NS-NS
sector and the latter (1 = 1) to the R-R sector. This consideration naturally leads us to
the following ansatz on the operator identification:
O« (67 °L"), =05 50" +---. (2.37)

n

See figure 2 (a) and (bl) for the Kac table of the (p,q) = (2p,2¢) = (4,6) and (p,q) =
(P, 4) = (3,5) minimal superconformal matters.

[r — s] implies r — s modulo 2.
10This charge conjugation will be studied more in subsection E

,10,
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ol.?

1 o

oL | L* ol? L3

o |L? |oL" oL| LS L |oLf

L?|ol°| L® L*|oL? oL* LY

L |oL¥ L7 |oLM L? oL }?| |oL? L7 |ol}?
(a) r (b1) (b2)

Figure 2: Kac table for (p,q) = (4,6) and (p,q) = (3,5) minimal conformal matters. Letters in
boxes denote the corresponding differential operators (e#L"™); < (9([;7',__ ‘28. The usual conformal
block of minimal conformal matters is shown by a rectangular with bold lines. The table (b2)
expresses those differential operators of (3,5) model that do not have their counterparts in Liouville

theory. They are all odd under the Zy transformation, C : (¢, L) — (—o, —L).

We are now in a position to discuss that some operators do not appear in the spectrum.
] 0 the Kac table of

np
minimal conformal matters. However, as can be seen in (R.26) or in (2.27), the evolution

First, the operators P" = (P"), do not have their counterparts O

along these directions is trivial, so that correlation functions including such operators
always vanish.

Second, while the 2cKP hierarchy allows the operators (e"T'L"),, they do not have
their counterparts in the Kac table of (p, ¢) odd minimal conformal matters (figure 2 (b2)).
In this case one can reduce the system by orbifolding it with another Zs symmetry, C :
(o,L) — (—o,—L), after which we have a complete one-to-one correspondence between the
operators of 2cKP hierarchy and those of super Liouville theory. We study this orbifolding
in detail in subsection B.3.

We here comment that the spectrum of type OA (p,q) minimal superstrings can be
obtained by orbifolding those of type OB minimal superstrings with the Zs transformation
C. This is because there are no R-R fields in 0A minimal theories other than the degrees
of freedom of R-R fluxes [24]. We also comment that there exist a series of critical points
characterized by Q = c([ll}ﬁq + - -+, which can be obtained by perturbing critical systems
with R-R operators. The C invariance holds when p + § € 2Z + 1 at the new fixed points.

2.4 Grassmannian of 2cKP hierarchy and free fermions

In this subsection, we summarize basic properties of 2cKP hierarchy and its free-fermion

realization.

— 11 —



We introduce another set of evolution parameters xﬁf) (1 = 1,2) which are related to
2 (b=0,1) as

@ =20 ¢ (—1y 2l (i=1,2), (2.38)
or
2l — % (@ + (1)@ (u=0,1). (2.39)

Recall that xLO } (or xLl }) correspond to the background sources for NS-NS (or R-R) operators

(’)7[? ] (or (’)7[11 ]), which, in the language of matrix models with a symmetric double-well
potential, describe symmetric (or antisymmetric) excitations of eigenvalues. Thus, the
operators ol = (1/2) (07[10} + (—1)”1(’)7[11}) with ¢ = 1 (or i = 2) describes the excitations
of the eigenvalues in the left (or right) well.

The Sato equations (R.3])) are then expressed as

ow

g——== (DL, W -WEWy  (i=1,2), (2.40)
(9:6%)
where
e® —wpOw-1,  po_ (L0)  pe_ (00) (2.41)
00 01

For a given solution W (x; 9) to the Sato equations, we define a series of 2 x 2 matrix-valued
functions of A\, ®x(x;\) = (@g?)(x;)\)) (K=0,1,2,---), as

Brc(x;)) = e WDTN . 9K W (3,9) - /95X = [9K . W (1, 0)] ‘a R (2.42)

Note that ®x—g(x;\) = &(x; N) (see eq. (P.32)).

In order to interpret the Sato equations as describing the motion in an infinite di-
mensional Grassmannian M [BJ], we first introduce an infinite dimensional vector space H
consisting of 2-component row vectors v(A) = (vM(X),v@()\)) whose components are
functions of A\. We also introduce the subspace Vy which is spanned by the vectors
v%)()\) = (A\%,0) (K > 0) and ’U(I?)()\) = (0,\%) (K > 0). The infinite dimensional
Grassmannian M is then defined as the set of those subspaces of H that have the same
“size” with Vy:!

M={YCcH|V~W}. (2.43)

For a given Sato-Wilson operator W (x, d) and the corresponding sequence of matrices
O (x;N) given in (R.49), we introduce a point V(z) € M as such that is spanned by a
series of row vectors <I>(I?(x;)\) = ((I)%l)(w;)\), @%2)(36;)\)) (K > 0;i=1,2). We denote
this by using the 2 x 2 matrices P (z;\) = ((I)(IP (3 A), <I>(I?) (x; )\))T (K >0) as'?

V(z) = (P (z; )‘)>K20‘ (2.44)
HGee, e.g., [@, @, @, @] for a more rigorous definition.

124, - A0
Vo is then expressed as 0 2K

)> and corresponds to the Sato-Wilson operator W = 1.
K>0

- 12 —



The z-evolutions of the linear subspace V(x) can then be read off by looking at those of
the matrices ®x(z;A) (K > 0):

0Pk (; A
g K(z; M)

PR (G B0 [aK-(e<i>Ln)+-W” . (2.45)
Tn

0—A

The second term on the right-hand side simply generates a linear transformation among the
vectors {<I>l(l) (x; )‘)}lgk,izl,Z’
Integrating this equation, we obtain

and thus can be ignored in considering the motion of V(z).

V(w) = (Dic(0X) &~ W e INEDY 2 () =10 R st AED - (2.46)

Here V(0) is the subspace in H corresponding to the initial value of W at z = 0.

The free-fermion realization is obtained by making a map from this Grassmannian
to the Fock space of a free-fermion system. Because the linear space V(z) is spanned by
2-component vector-valued functions <I>(I? (x;\) (K > 0; 1 =1,2), we need two pairs of free
chiral fermions on the complex A plane, (¢ (\),v®(\)), (i = 1,2) [EF). Then a point
V(z) € M is assigned with the following state |<1>(3:)> in the fermion Fock space:

=TL I | S o o @n oo o). (2.47)

K>0i=1.2 | j=1,2

The sum over j (= 1,2) reflects the fact that ‘I’&? = (@%1), @%2)) is a two-component vector.
We introduce free chiral bosons

s\ = 6 + af) mw“m o (\)
(%)

=30 1 aP A Z_A"_ZO‘T"A" (i=1,2) (2.48)

n<0 n>0

with the OPE ¢®(\) o) (X)) = 67 In(\ — X) (equivalently, [aﬁﬁ), ozgf)] = m 89 §ypno and

[a(()i), $U)] = 6%), to bosonize the free fermions as'

Z POAT2 = gedﬁ“(k) ° K, (2.49)
reZ+1/2

Z PONTY2 = 0 =60 N o e (2.50)
reZ+1/2

. (1)
where K; is the cocycle, K1 =1 and Ko = (—1)* ". Conversely, the bosons are expressed
as

06 (\) = 2P NPD (N g =D alah (2.51)

nel

i) (i (1) (1) 70 (4) (1) (D)
1BWe define eXi B0 g = (Xi BN ;00 \Tiag” (X8
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Since [a,(f),z;(j)()\)] = —0% A" () (X), the motion (B-4§) of a given point in the Grassman-
nian M is expressed as'?

|8(2)) = p(z) et /9D Tnz @ +a0i) | gy (2.52)

Here |<1>> = |<1>(0)> is the initial state at £ = 0. From this state, the Sato-Wilson operator
W (x;0) can be reconstructed by using the following formula for ®(z; \) = (<I>(ij)(3:; A) =
W(.%'; 3) ’(9%)\:

g =D ) ()| P i—j gV | @
<1>(ZJ)(:C;)\) = <O‘e v ()\)| (x)> = Ejz‘)\_(l—5ij) <w/g‘U < | >, (2.53)
(0@ (2)) (z/g|®)
where U = 6@(1)_({5(2), and ¢;; = 1 when ¢ < j and ¢;; = —1 when ¢ > j. A proof of this

statement can be found, e.g., in [IJ]. Then the Baker-Akhiezer function is obtained as

GO (5 0) = @) (1; 1) - exp(g~* Z %(1]'))\11)

_ (a/gle? pD(V)|@)
(x/g]®) '

We should note that not every state in the fermion Fock space can be expressed as a

(2.54)

point in the Grassmannian M. This correspondence holds if and only if the state |<I>> is
decomposable, i.e. it can be written as ‘<I>> = el ‘O> with a fermion bilinear operator H.
Since such H is an element of the Lie algebra gl(co) realized over the fermion Fock space,
the Grassmannian is characterized as an orbit of the infinite dimensional group GL(oc0) [B3].

2.5 Background R-R flux

As is investigated in one-matrix models [R3-R5), critical points of 2-cut solutions can have

a configuration where the Fermi levels of two Fermi surfaces differ by an integer number v,

which is interpreted as background R-R flux [24, BJ]. In the language of 2cKP hierarchy,
(2)

such configuration is described by a fermion sector with ozol = —ap ' = v and can be
measured by taking the inner product with the state

(z/g; y| = <x/g‘ u, (2.55)
where U = ¢V —9® Thus, the 7 function
m(x) = (z/g;v|®) (2.56)

corresponds to the partition function to be obtained in a continuum limit with fixing the
discrepancy of the two Fermi levels to be v. The connected correlation functions with
background R-R flux are then given by setting backgrounds as x = (b[# ]):

(2.57)

ni nn

[<b/g;u\a%ﬂ---a%x]<@>
(b/g;v| ®) c

The factor p(x) reflects the fact that the correspondence between a linear space and a fermion state is

<(9[M1] . (9[#N]> =

)

one-to-one only up to a multiplicative factor.

- 14 —



n @

Figure 3: Maya diagram of the state [v) = U”|0).

and have an expansion in the string coupling g as

_ 3 N2 <O%11],..@[#szvl>(h), (2.58)

v,C
h>0

Note that the state (x/g; V‘ is defined in the weak coupling region |(| — oo, and thus is a
state representing a condensate of microscopic-loop operators []].

The Sato-Wilson operator W (z;0) corresponding to the 7 function 7,(z) can be re-
constructed by applying the formula (R.53) to ®,(x;\) = (<I>,(,”)(a:, v;A)) = W(z;0)]g—n:

) (/g v|UT 27 V)
(z/g;v|®)

) (23 \) = ejA~(1%

A~ (1=0:5)

= Eji

()
= ejz-)\_(l_‘sif) ! exp (—g Z %A‘"ﬂ <x/g; v—1+ j| <I>>

T”(‘T) m>1
1

@ D AT (909 /m]) T j(@), (2.59)
n>0

— Eji)\—(l—&'j)

3

where S,,([yn]) are the Schur polynomials defined by the generating function, exp[Zymzm]
m>1
= > nez Sn([ym]) 2. Expanding the left-hand side as @, (z;A) =1+, - wy(2) A™" and
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comparing the coefficients of A™" (n = 1,2,---), we obtain the formula

Su([~g 0% /m) T(@)  Sucr([~g 0% /m]) T (2)

w. () = T, () 7, () . .
n(@) Su1([~g0% /m) r1(x)  Su([—g 0 /m]) 7. (x) (260
() Ty (x)

The first two are then given by

—g 69) Inp, ——_
wi(x) = Tv , 2.61
@={ Tna _adh (261
Tv
(=9 aél) + (g 69))2)7',, g 8§2)7—u+1
2T, T,
we(x) = v v . (2.62)
g o7, (—9” + (90”)*)7,
Ty 21,
On the other hand, expanding in 9 the Sato equations
g0y W (;0) = —(e" L") W (x;0), (2.63)

we obtain the relation between (e L™)_(z) and w,, () (defined by (eWL™)(x;0) = rez
(e(i)L")k(az) 9% and W (z;0) = ano wp, () 6‘"):

(e(i)Ln)—l =9 57(??!11(95)7 (e(i)Ln)—2 =9 57(?11)2(35) + gar(zi)wl(x) ~wi(x),
(2.64)
Equations (P.60() and (P.64) give the relations which express the coefficients of the pseudo-
differential operator (e L™)_ in terms of 7 functions. In particular, looking at the (1,1)

component of the relation (e?L)_; = —g 8%2)101(:6), we obtain the formula
2 5 52 _ g2 o012 211 (@) T (x) 5 65
g0 o i, (= [(0F)" = @) te)) = LI 265)

3. Wi, constraints and string equations

In this section, we solve the Douglas equation (R.16), and show that the generating functions
(or 7 functions) obey the Wi constraints. Using this, we derive string equations in a

generic form.

3.1 Solutions to the Douglas equation (B.16)

To solve the Douglas equation (R.16) we first note that P = o L? is given by

P=Wo30° W1 (3.1)
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Then the general solution to the Douglas equation (R.16) is given by!®

1
Q:W]—SO':),(ZZTL.YJ o 4 gy O p)W_l (3.2)

n>1 p=0,1

with ~ being an arbitrary constant to be fixed later. This can be derived in the way
essentially the same with that of the bosonic case ([[I7, @], see also Theorem 1 in [J]).
Then by requiring that P and @ at the initial time z = (b3") be differential operators of

order p and ¢, respectively, we set the background as b%‘ I—o (n > p+ q) to obtain:

P=WadW'=[WodWw ', (3.3)
p+q

Q=W: Ug(ZZ n b B P 4 gy 9~ p)W
n=1 p=0,1

[ (pf > nbllof o p) } : (3.4)
+

n=p p=0,1

Here we have set W = W (b; 0). Recall that for odd minimal superstrings, we need to set
the backgrounds as

b[r?H} =0 for odd minimal superstrings: (p,q) = (p,q) (p, § € 2Z + 1) (3.5)
in order to make @ invariant under the Zs transformation C : (o, L) — (—o, —L).

The action of Q on the Baker-Akhiezer function in a general background is now cal-
culated as follows:

L (D0 g - !
- 5, p—i—x log ol + nallol 7P 4+ gy 0P ) o3 WL (a5 )
w4 )

{ [1}]61 PosW 0 (z; \) + ; <Zan o L™ P 4 gy L p)a\I’(az A)

n>1 p

1
p
- { [W(x a), [O]} WL0(z; )) —l—\IJ(m;)\)(Zan“ag)\” Lt gyA™ >}%)\1ﬁ.

n>1 p
(3.6)

Since [W, x[ ]] = X0 wn(x)a_",x[lo}] =92 1 (—n) wn(2) 0 = gWi(z; \) (%\‘)\Ha

5For a generic value of (6,,0,) and ¢, we have

N 1 N N
P=Waoe 5w, Q=W 5 oS 78 <Z > nailolon? +g78”]> W

n>1p=0,1
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«—
= g ®(x; \) 0y, the above equation can be further rewritten into the following form:

Q V(x5 M)

=g {@(:c; A) Zﬂha W (2 ) + D (23 )) - [(Wlxlf(x; A) %} - 7)\1}% AP
9 L (andc o i
— gxp(gc;A)[a + A 1} ( é ¢ —dA/d<> (¢ =), (3.7)
Setting v = —(p — 1)v, we thus obtain!®
- - ¢ 0 - ~ ;)E 0
PU(z;¢)=(z0) | ], QU(z;)=g¥(x;0) | * (3.8)
0—¢ 0 — aﬁc
for
U(x;¢) = \I'(x;)\)<g—2>y. (3.9)

(4) (%)

It turns out to be convenient to introduce another set of chiral fermions (¢’ (), ¢, (¢€))
(1=1,2):

d\\V —

TV = () 0w, (310)

() = <d_C
By using the representation (2:54), ¥(z;¢) can be written as

(gl (©)]2)

G (5;¢) = 3.11
(7;€) (/9|9 (3.11)

Note that these new fermions have a Z; monodromy, and thus we introduce:
Q) =) (@), A=) (a=01-- p-1).  (3.12)

3.2 Wiy constraints

The corresponding Wi, constraints can be derived also in the way same with that of
bosonic case ([, BA], see also Lemma 1 in [f]), starting from the following expression of
the differential operators P and Q:

PW=Wao38, QW =W o3 [ank‘]ag P 4+ gyd7P|. (3.13)
n,p

(W] _pyn
Denoting the initial subspace by V = V(0) = V() - e1/9) Znu 95\ = 1, one can easily
show that

P=(oy Q= [8%»—13 n wﬁ] o5 (v=—(p— 1) (3.14)

SNote that this is a representation of the Douglas equation [P, Q] = gl2 given by a right multiplication
—
[¢;0c] = 1.
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do not leave the vector space V:
V-PCV, V-QcCV. (3.15)

Recursively using this invariance, we find that V is invariant under the right action of
Q! P™ for arbitrary nonnegative integers [ and m,
dA\\Y D A\
Since Q can be written as [(—) — <—) ]03, the above can be restated for the
) dg/ o¢\dg
space of functions of ¢ = A’ with an extra factor (d\/d()":

- d\\V
V=V (d_g) (3.16)
as
V-O'Pm VY (I,m >0) (3.17)
with
. )
P = (o3, Q= a_C (3.18)

In term of free fermions, the invariance of the space of functions V (or V) implies the
invariance of the fermion state |<I>> under the action of the corresponding bilinear operators

A —
O[Q'P™) = § 5 20N - Q' P™ ()2

= Py sen() QP e(0)

- g (cO<<>%)<m<og>m+%<<>:

21
1

p o
y{27m )il>gm(03)m+lca(03 : (3.19)
a=0

Here the contour of the integral ¢ surrounds { = oo p times. We further bosonize the
fields

e
ca(C) - (CELI) (C)? 022) (C))? EG(C) - (CELQ) E§;>7 (a’ - 07 17 ' P — 1) (3 20)
asl?

D (¢) = QL KD ED () = e (O W) (3.21)

a a

17D are proper cocycles which ensure the anticommutation relations among fermion fields with different
i—la—1

. ) .
indices, They can be taken, for example, as K\ = H H (—l)o‘ij0 with afl)o are the momentum of 4,0((;)(().
j=1b=0
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with two sets of free chiral bosons

Aoy ()= +07 0w (= ¢) (1i=12 ab=01--p—1). (322

The normal ordering : : is now the one taken with respect to the SL(2, C) invariant vacuum
for ¢ plane, ‘0>C’ so that the original vacuum ‘0> (respecting the SL(2,C) invariance for
A) is interpreted as the twisted vacuum for the chiral bosons living on the ¢ plane. The
monodromy (B.19) now should be understood as relations to hold in correlation functions
with this twisted vacuum (not as operator identities).

By writingl =s—1landm =s+n—1 (s > 1;n > —s+ 1) in (B.19), the operator
O[Q' P™] = O[Q*~1 P**t7~1] is then written as'®

s+n 1 —oM () g5 M () 1\ . @) s ,0?(). —
¢2m Z{ (9 4 (=1D)" e Oze }

¢2 (oot Z[ —p(¢ Opze eM©Q), 4 :e*w(”(*oage“’@)(*o } (3.23)
e

® = »n =

Thus, if we define the W1, currents W*(() (s =1,2,---) as
p—1
= Wi
a=0
p—1
— Z (: o—vi) (O gs eeoél)(é) Cte —¢ (=) g3 o#87 (=0) 3)

=y Wi (3.24)

ne”

with the coefficient modes W, that naturally constitute the Wi algebra [, then eq.
(B-17) implies the following Wi constraints on the state |<I>>

W;|®) = const.|®) (s>1;n>—-s+1). (3.25)

One can show that any element in the Borel subalgebra spanned by W with s > 1 and
n > —s+ 1 can always be written as a commutator of other two elements belonging to the
same subalgebra (see, e.g., Lemma 4.2 of [A9]), and thus the constants should vanish. We
thus obtain the Wi, constraints on the state |<I>>:

Wil@)=0 (s>Lin>-s+1). (3.26)

This is equivalent to the statement that the action of the Wi, currents on the state ‘<I>>
only yields regular dependence on (:

*(¢)|®) : regular around ¢ = 0. (3.27)

80ne can show that the generic case of () can be recovered by properly changing the integration
variables ¢ separately for ¢ (¢) and ¢ (¢).
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This is the key relation to determine loop amplitudes.
The first two of the Wi, currents are given by

WHQ) =Y (0e(¢) — 962 (—0)), (3.28)

a

W2(0) = D (:(06(0)*: +%6D Q)+ + (-0 (—))*: +0%0P (~C))

A2
= Y00 + D)+ 2 (<06 (0)* s + 02 (—0)) +
=2) Ly "2+ 0W(Q). (3.29)

ne”

Since the normal ordering with respect to the original vacuum |0> can be represented in
terms of oscillators, we have

Wl = a,(fp) + (_1)1104%), (3.30)
1 ® 0 oy g@o) L D1

L. = o % o —1)ro "/ o . 31

n Qﬁ;z(oanp_mam S+ (1) g0l a22) + 175 0no (3.31)

These imply the p' reduction conditions and the Virasoro constraints on the state (as in

the bosonic case [B1, B0-F7)):

(@) + (~Dmal)|e) =0 (n>0), (3.32)
Lp|®)=0 (n>-1), (3.33)
which are rewritten for the 7 functions with background R-R flux v, 7, (z) = (z/g|U~"|®),
as
1 n (2
@+~ n(x) =0, V=@ =y, (3.34)
and
Lym,(x)=0 (n>-1) (3.35)
with
T @
A 1 n 2
p£+n = E ] (anp—m 8T(n) + (_1) 8n13—m 8T(n))
1 n 2 1 n o2
+ 3 m (@Dl o+ (1)@ 0D Y+ (8 — (-1 8, (3.36)
m>1
A9
pLo = mz m (e o)+ o) + T2 02, (3.37)
np—1

. . . (1) 1 n ,.(2) 2
pL_, = 22 Z m(np —m) (x 2 4 (1) z ! ))

m=1

+ Z (np +m) (x(l) oW 4 (1) 2% o) + Py (m@ — (=1 x(Q)).

np+m ~m
m>1
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The differential operators satisfy the Virasoro algebra of central charge 2p, [En,ﬁm] =
(n—m) Lyim + (2P (ng —n)/12) 6pt-m,0-

Note that the whole W1, o constraints are derived from two of the constraints WllT,, =
0 and Wle,, = 0 (or equivalently, £_17, = 0) if we require that the function 7,, be a 7
function of 2cKP. Thus, for a 7 function 7,(z), the equation

L7, (z)=0 (3.39)

together with the p' reduction conditions (B.34) has the maximal information to determine
the partition function with the R-R flux v.
In terms of pseudo-differential operators, eq. (B.39) is expressed as follows:

p=1:
0=3" (1) [oly (V1) — (P2 ] +gv1,
n>0
= Z Z (n+1) xgﬁ]rl (o”"HL")_1 +gvily, (3.40)
n>0 u=0,1
p=2
0= 3 0 2) [l (), 2, (e 2)._]
n>—1
= Z Z (n+2) x%_}w (U“+1Ln)_1, (3.41)
n>—1p=0,1
n n v—1/2 0
0= Z (n+2) [5'3&)& (e(l)L ) o 5'3224)& (6(2)1’ )72} R ( 0 / v+ 1/2)
n>—1
B [ } n vV — 1/2 0
- ; > (2, ("L )2+g< 0 v+1/2)’ (3.42)
n>—1p=0,1
where
0 H
(,‘9(1))71 - _((9(2))71 — (H_ 0+> , (3.43)
H.H_ ¢o®H
MY = (@) = _ [ - 99 Hy 3.44
(e )72 (e )72 (g 8§1)H_ _H+H_> ) ( )
(eML ) _ =EW = <(1) 8) , (ePL™) | =F® = (8 ?) , (3.45)
_ _ 0 H
(e(l)L 1)72 — _(6(2),; 1)72 — (H_ O+> (3.46)
with
Tu:l:l(x)
Hy(x) = (@) (3.47)
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A proof of the above formulas is given in appendix [J.
As an example, we consider the p = 1 case with the differential operator

0 H,
P=oL=030+2H, H= . 3.48
o 030 + ’ (H 0 ) ( )
The variables x[r? 1 are only physically important due to the p = 15¢ conditions, 3,[1”} T (x) =
0. By denoting them by ¢, = x[r? _1}, the string equations become
G+1
Z nt, (P" ) | +gviy=0. (3.49)
n=1

The pseudo-differential operator o is easily found by requiring [o, P] = 0 and o2 = 1.,
and we obtain

o =03+ 2H0" " +2H07 2+ 2H3507 3 + - - (3.50)

with the coefficient functions H,, given in (D.3) of appendix .

The string equations for the backgrounds (b,,) = (¢1,0,t3,0,0,---) (purely NS-NS) and
(bn) = (t1,0,0,t4,--+) (in a flow generated by R-R operator (’)4[11}) are given as follows (note
that 8 = g9/0z\" = ga/ot,):

p=1,¢=2:
0 = 3t3(H_8H+ — H+8H_) + qgv,
0= —2t1Hy — 3t3(30°Hy +4H>H_), (3.51)
0=—2t1H_ —3t3(30°H_ +4H*H,),

p=1¢=3

0=4t,(H,0°H_+ 3H_0*H, — 10H, 0H_ + 6H2H?) + gv,
0=—2t1H —4t4(;0°H +6H, H_0H.,), (3.52)
0=—2t1H_+4ty(;0°H_+6H . H_0H_),

where the equations are displayed in the order of the diagonal, (1,2) and (2,1) elements.
Note that the diagonal equation including the flux v is related with the other equations as

d(diagonal) = 2 x [H_ x (1,2) — Hy x (2,1)], (3.53)

from which v disappears. In fact, R-R flux v can easily get lost in the analysis other
than the Virasoro constraints. For example, instead of using the Virasoro constraints,
we could obtain string equations by directly solving the Douglas equation [P, Q] = g1a.
This calculation is performed in appendix [D, and we find there that the obtained string
equations are in the form of the commutator of eq. (B.49) with o3 (see eq. (D.§)), so that the
information on v is totally lost because v appears in the diagonal elements of the Virasoro
constraints. For the latter string equations (D.§), the diagonal element is a total derivative
and v is introduced as an integration constant [R1, B9, B2, B4, RF]. This is a feature which
holds generically for arbitrary p, and shows the advantage of our string field theoretical
approach; the R-R background flux v has a definite meaning as the discrepancy between
two Fermi levels and enters the expression without ambiguity.
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3.3 Zy symmetries and orbifolding

One can introduce the following Zs transformations into the theory:

C:(o,L)— (—0o,L), (3.54)
C:(o,L) — (—0o,—L). (3.55)
Since the oscillator 04,[5 I = 04,(11) (—1)“04%2) (1 = 0,1) corresponds to the differential operator
(6#L™),, the above transformations are rewritten in terms of oscillators as!®
C:all = (=)Mo —p 3.56)
C:all - (—1)yrtrald, p— —p (3.57)
or
C:al) oo, (3.58)
C:al) o (=1)"a?, (3.59)

Looking at the definition (B.24) of the Wy, currents and noting that the generators have
the following form in the twisted vacuum:

Wiz Y v (28 fe s (20 aE), (360

r=0mi+---+m,=np
we find that under these Z, transformations the generators simply transform with multi-
plicative factors:

C:WE — (—1)" W, (3.61)

n

C:W? — (=1)"etD s, (3.62)

Thus, if a state ‘<I>> satisfies the Wi, constraints, so does the transformed state |<I>' > =
C | <I>> or C|<I>> Assuming the perturbative uniqueness of solutions to the Wiy, constraints,
we conclude that ‘<I>> and |<I>’ > can differ only by a multiplication of D-instanton operators
and we have the following perturbative identity for any operator O:

(b/g;v]|O]®) <: (v'/g; V’\O’\‘I)'>> _(V/gv|0®)
(b/g;v|®) (V/gv|e) ) (V/gv|e)

Here O = (b;@(i)) and O are the transforms of b = (b,(f)) and O, respectively, under the
transformation C or C. In particular, if the backgrounds are invariant under one of such

(3.63)

transformations, then the expectation values vanish perturbatively for those operators that
are not invariant under the transformation. Note that the purely NS-NS backgrounds where
b,(ll) = bg) (or bLl - 0) are invariant under the charge conjugation C, so that the correlation
functions vanish perturbatively if they contain odd number of R-R operators.

9The charge conjugation in terms of infinite Grassmannian is described in appendix E
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We introduce the orbifolding with the Zs transformation C (resp. é) as the following
condition on a decomposable fermion state satisfying the Wi, ., constraints:

alll|®@)y =0 (for C),  alr™|®) =0 (for C), (3.64)

which is preserved along the 2cKP flows generated by oz,[?] (resp. agl ]) alone. Under this
condition, all the correlation functions including oz,[ll ] (resp. oz,[f le]) vanish, and thus these
operators drop out of the spectrum. In particular, type 0B theory with the C orbifolding
is identified with type OA theory, while theories of p, § € 2Z + 1 with the C orbifolding are

identified with (p,q) = (p, ¢) minimal superstrings.

4. (p,q) minimal superstring field theory
In this section, we construct field theory of (p,q) minimal superstrings.

4.1 String fields and n = —1 FZZT branes

According to our ansatz on operator identification given in subsection R.3, the excitations
in the NS-NS and R-R sectors are collected into the NS-NS and R-R scalars given by

NS-NS: 9l (¢) = 98" (¢) + 05 (¢) = }) 3 ol /it (4.1)
nez
1 .
RR: 9l(¢) = 00" (0) — 00 () = = Y olll ¢/, (4.2)
nez

Their connected correlation functions (or cumulants) in the presence of R-R flux v are

given by

[<b/g;v\ :0657(G) - 0™ (G): ‘@} (43)

(0687 (C1) 065 () = (b/g:v] ®)

v,c

and have an expansion in the string coupling g as
_ i i (h)
=3 P (060 (@) 0N () ) ()

v,c
R>0

As in the bosonic case [[], the disk (h = 0, N = 1) and annulus (h = 0, N = 2) amplitudes
(i)

have irregular terms which cannot be expressed with the local operators Oy, ”:

A 1 & , e BRI
(09@), =532 (00) g NP(Q) (4.5)
n=1
A A - ) G —n1/p—1 p—ng /p— ini
(090 (@) == 3 (0 0E) GG ¢ NG 6)
’ ni,no=1 ’
(4.6)
. ‘ 1 & : : . —n /-
<O(u)(cl)...O(zN)(CN)>VC:ﬁN Z <O1(1211)...@§Ll]zy)>ycgl 1/p 1"'CN /Pl (N >3).
’ ni,-ny=1 ’
(4.7)
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These terms (sometimes called “nonuniversal terms” though they are actually universal)
are calculated in matrix models and found to be
q+p

i 1 i) n/p—
NP =5 dombfd e (4.8)
n=1

1112 i1 g 0
N{M2) (¢, ¢p) = 1 a6 9, MO = %) = In(G = )]

— glri2 [&@ 1 1 ]

d¢i da (M — X2)? (G — G)?

Note that they do not depend on v.

By looking at the algebraic curves defined by disk amplitudes, we will see in the next
section that ¢ (¢) (i = 1,2) correspond to the boundary states of = —1 charged FZZT
branes:

A=¢"P). (a9)

boundary states : |FZZT+; ¢) = apél)(g“), !FZZT—; —() = <p82)(—§). (4.10)

Once a charged FZZT brane is located at a point in spacetime with coordinate ¢2, it be-
comes a source of fundamental strings, with a bunch of worldsheets which are not connected
with each other in the sense of worldsheet topology, but are connected in spacetime with
their boundaries pinched at the same superspace point (. These configurations are easily
summed up to give an exponential form as in [ﬂ], realizing the spacetime combinatorics of

Polchinski [@] :

charged FZZT branes : cgl)(C) = :e“"(ll)(o 5 0(2)(—0 —efa (=0 (a=0,1,--- ,p—1).
(4.11)

With these operators, the R-R charge operator o = (1/2) (aél) - 0482)) =(1/2p) >, (a&% -

af())) have the commutation relations

1

[ﬁv ct(zl)(g)] = % C((zl) (C)v [ﬁ7 c((12) (_C)] = _5 C((12) (_C)7 (4'12)

and thus, the generic partition functions in the presence of R-R flux v are given by

Ny N
TG Tl ) |e)
k=1

. N1 —N.
<b/g7 v+ S5

(1) 1), ~(2) (2)y — =1
BV P ; s Ty ==
( 1 Ny 1 NQ) <b/g, I/‘(I)>
(4.13)
with
<b/g; v+ (N — NQ)/Q‘ = <b/g; 1/| e~ N1g —Nog® (4.14)

All the operators introduced above have bosonized forms, and thus their correla-
tion functions can be calculated (at least perturbatively) once the correlation functions
(0W)(¢g) - (’)(iN)(CN)>VC are obtained.
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4.2 D-instanton operators and n = —1 ZZ branes

As in the bosonic case B, one can easily show that the commutator of the operator
cg”(c(i))ag”(g(ﬂ) (¢ = ¢, ¢® = —¢) with the generators of the W algebra gives
total derivatives unless i = j and a = b, and thus the D-instanton operators [f]
i d¢ d¢ (@) ( (i) () ()
DY = €55 B ¢ (€)= ot seet €A,
(1 =7 with a # b; i # j with V(a,b)) (4.15)

commute with the generators:

D) W] =o. (4.16)
This implies that for a given solution {<I>> to the Wiio constraints, any product of D-
instanton operators is again a solution. In order to keep the property that the resulting
state is decomposable (i.e. can be written as g|0> with g an exponential of fermion bilinears),
the only possible form of such state is given by

|q) 9 HH egt(lle) D(H)

4,j ab

(4.17)

with constants 0 [E] Note that we need to omit the case ¢ = j and a = b. Since D( 7)

includes the operator 9 - d’m, it changes the fermion number (y(l), < )) when i # j. We
call D((l}jl) and Dﬁz) the neutral D-instanton operators and D((f) and D((j)l) the charged
D-instanton operators.

We here write down their explicit form:

neutral D-instanton operators (a # b):

DY = o A (0) = Pame et OO, (419
DY = é;—ﬂi (=) (=) = ¢;—7§Z et (0= (=0) (4.19)
charged D-instanton operators (Va, Vb)
DY =~ ¢% () (=¢) = ¢% 2O (0, (4.20)
Dy = ¢;—7fz (-0 (¢) = ¢;—7§2 cerd (<060 (4.21)

When we insert a D-instanton operator Dyg) into correlation functions and take the

weak coupling limit g — +0, the operator behaves as

21

(D@ — ggd_é (/)T (0O)+0(¢°) (4.22)
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with20

ij i) ( (1) \ (h=0 j N\ \ (h=0
T80 = (e (D)™ = (o (@)=, (4.23)
If the integral has a saddle point ( = (* and the contour can be deformed in such a

way that it passes the saddle point in the standard direction and also that I’Sg)(g) takes
negative values all along the contour, then the presence of the D-instanton operator gives
a controllable, finite nonperturbative effect, which can be evaluated in the vicinity of the
saddle point [[f]. If we take a conformal background (defined later), the Fsg)(g“ ) at saddle
points give the partition functions of stable ZZ branes [§, f].

5. Algebraic curves for n = —1 FZZT branes

The algebraic curves defined by the FZZT branes cp(()i)(c ) (i = 1,2) can be calculated from
the W11 constraints with proper boundary conditions supplied by the structure of 2cKP
hierarchy. This procedure is totally the same with the one for the bosonic case [J].

We first note that the disk amplitudes

(b/g; v| 0 (C) |®)

QY(¢) = lim g

g—0 <b/g; V{ <I>>
[ SO R = S
—jznbncp +jzvnc L (5'1)
p n=1 p n=1
do not depend on v when vV = —v(® = » is finite. Here v(i) = lim,_. a(i) is the
1% n g—0 g \On

expectation value of the operator ag ) on sphere. In fact, as for the first term it should be

clear that it does not depend on v. As for the second term, the v,(f ) is the expectation value
taken for the background <b/ g; 1/!, and thus has a potential dependence on v. However,
the expectation values taken for <b/g; V| and for <b/g; V= 0‘ = <b/g| differ only by a next
leading term, so that we can safely neglect the presence of v in calculating disk amplitudes.
We comment that if the R-R flux () is tuned as v (g) = #(¥) /g, then an extra term &%) /p ¢
appears in the last expression of (f.1]).

The master field equation to obtain disk amplitudes is given by the fact that the

expectation values of the Wy currents are polynomials in ¢ (see (B-27)):

. _ /g [ ]2)N _ .
@), (= ) =0 (5:2)

Decomposing the Wi, currents as a sum over a = 0,1,--- ,p — 1 as in (B.24)), the above

equation is rewritten as (see [[])2

"CT
—

W), = D[ WE(Q), ]y = 5a5(O) /9" (5.3)

i
o

20WWe see in the next section that the disk amplitudes do not depend on the R-R flux v.
*'Here for a series expansion of a function f(¢) = Y onez In ¢"'? we define its polynomial part as

[f(C)} pol = ZmZO fmﬁ Cm
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In the weak coupling limit, (W¢(()) receives the dominant contributions from the products
of one-point functions with maximal number (equal to s), and thus we have

p—1
lim g* V2(0)) = 3 [ (QP(0)" + (~QP(=0))] = sas(0). (5.4)
a=0
Here we have introduced
A (0)
Q) = (9600))"” (i=1.2). (55)
The algebraic curve is then defined by
p—1 p—1
F(¢.Q) = [[(@-eP©) - [[(@+eP(-0) =0 (5.6)
a=0 a=0

This is actually a polynomial both of ¢ and Q. In fact, if we set 2p variables as

(1) D
_ [l r=a=01 o),
QT(C) = {_ 32)(_0 (T =p+a=p p+1 ,2p — 1) (5.7)

then F'(¢, Q) is expanded in @ with the coefficients which are polynomials of the variables
as(¢):

m < Q<)
P¢Q) = I (@ @) ypwﬁzj( 2))]

r=0 —0

= Q¥ exp| =Y a,(Q) Q7]

s>1

2p

= Si(l~as(Q)]) Q% (5.8)
k=0

The curve (f.6) has a solution Q = Q(()l)(C), and thus describes the FZZT branes
carrying positive charge. The curve for negative charge must have a solution @) = Q(Q)(C )
and thus is given by the curve

p—1 p—1
FQ) = T[@-Q%P)- [T @+QM (=) = F(—¢, -Q). (5.9)
a=0 a=0

Note that the curve has a dependence on the backgrounds b = (b,), F(¢,Q;b) = 0, and the
curve for negative charge branes are obtained by replacing the backgrounds in the curve

for positive charge branes with their charge conjugates:

FO(C,Q30) (= F(=¢,~Qib)) = P(C, @3°), (5.10)
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In fact, using in the perturbative equality (B.6d) the fact that the charge conjugation
exchanges cgl)(C) and cS?)(g ) and that v can be neglected for one-point functions Q) ((),

we have

(/g0 ©)|2) . (b9 007 () |8°)

QM (¢:b) = lim g /912 = lim g (/g0
(%9002 ]@) ,
=m0y QP (¢;0°), (5.11)

so that we obtain the relation, as((;b) = (—1)% as(—¢;b¢), which proves (F.10).

5.1 1-cut and 2-cut solutions

Generically the functions as(¢) become polynomials for all s > 1 only when we add the
two terms in (f.4), giving general 2-cut solutions. However, for some particular states ‘<I>>
it happens that each of the two gives a polynomial separately:

p—1 p—1
D QM) =saM(©0), D QD) =saP(Q) (¥s>1). (5.12)
a=0 a=0

This happens in the case when the state is factorized as
@) = [2M) @ [8@)) = gV @ g |0) (5.13)

with ‘<I>(i)> constructed only with gzb(i)()\) and satisfying the Wi, constraints indepen-
dently:

(W) = (WP)s|e) =0  (s>1; n>-s+1), (5.14)

where (W@)3(¢) = >, (W®)s ¢ = Zﬁ;é e 0959 1 In this case, the

algebraic equation is given by the product of polynomials:

F(¢,Q) = (1P FW((,Q) - FP(~¢,-Q) =0. (5.15)

The solution is thus expressed by the algebraic curve F' (1)(C ,Q) = 0, and we call this a
1-cut solution. Actually, in order to realize the situation (p.19) alone, we can multiply the
state (p.I3) with D-instanton operators since their nonperturbative contributions do not
appear in the algebraic curve. Since neutral D-instanton operators can be absorbed into
|<I>(1)> or |<1>(2)>, we only need to consider the charged D-instanton operators. We thus
obtain the general form of a state corresponding to 1-cut solutions:

@) = T e Lo+ 0" P |90y |2, (5.16)
a,b

Note that once we take into account the nonperturbative effects from the charged D-
(1) (2)

instanton operators, the functions as’(¢) and a5~ (¢) are no longer polynomials of { sepa-
rately, and the disk amplitudes are better described by the curves of 2-cut solutions.
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We comment that only 1-cut solutions are allowed for such backgrounds that have
both of C and C symmetries. Recall that we impose the C invariance only on odd minimal
superstrings, (p,q) = (p,q) with p, ¢ € 2Z + 1. To prove the statement, it is sufficient to
show the following equality (shown at the end of this subsection):

Y (P (=0)"=>_(QM()", (5.17)

a a

which together with (5.4) implies that agl)(C) = (—1)%9(—0 = (1/2)as(¢) (polynomial).
Furthermore, the second factor in the algebraic equation (f.1§) can be rewritten as

p—k
= (—1)? > Si([—aP () QP F

k=0
= (1P FI(¢,Q), (5.18)

so that the algebraic equation has the complete square form:
F(,Q) = (F(l)(C7 Q))2 =0 (for C- and C-invariant backgrounds). (5.19)

We conclude this subsection with showing eq. (5.17) for C- and C-invariant back-
grounds. We first rewrite the left-hand side as

Z(_QgQ)(—C))S = Z(—QS)(—O)S (C invariance)
=Y (-0 (=) (R = (/p) D e

ne”

1 n —n—s
= > u ) (e (5.20)

]58

neZ ni--+ns=np

Only the terms with n € 2Z survive in the last expression since vﬁllr) = 0 for odd n, (due
to the CxC invariance), and p is odd now. Thus we have

:ﬁj_lz S o)) ¢

neEZ ny--+ns=np

=> QM) (5.21)

5.2 Super Kazakov series (p = 1)

In this case, the disk amplitude is expressed as

4 . (h=0) 4 4
Q)= (M) =D nbPe e > (5.22)
n=1

n>1
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The constraints Wrﬂqﬁ> =0 (n > 0) imply an] = 0, and the perturbations with respect
n]

to unphysical variables bL

case [9],

can always be absorbed into a shift of Q) as in the bosonic

1+q

QU(©) = QO+ X nthlc ! = QU0 + L) (5.23)
1+q 1
Q@ () — +Z 1)ebIcn =t = () = 5 aa(=0), (5.24)

so that one can set a1(¢) = 0 (& b = 0) without loss of generality. Then it holds that
QW(0) = QP(=¢) = Q(¢),* and we have

w(0) = 5 [(QVO) + (~@? (0] . = [(Q(O) ], (5.25)

Thus, we have the curve
F(¢,Q) = Q% —ay(¢) = 0. (5.26)

1-cut solutions. Due to the general consideration given in the previous subsection, 1-cut
solutions are given by the state ‘<I>> satisfying the W7, constraints separately (at least
perturbatively),

Wy |e) =0, (WP)|e) = (s>1;n>—s+1). (5.27)

In particular, this implies that

1+q
FOC,Q)=9-d(0)=q- an =0 (i=1,2), (5.28)
and we have
144 '
= angﬁg‘"—l (1-cut solutions). (5.29)

Note that all the one-point functions vanish, vﬁf) =
2-cut solutions. Based on the analysis of the p = 1 string equations, we take boundary
conditions such that 2-cut solutions have cuts in the complex ¢ plane, each of which has
one of its end points at infinity.

The master field equation is now given by

G+1
ax(¢) = [(Q(0)] 1y = (anncn ) ) (5.30)

221n the p = 1 case with the condition bl = 0, the two-component system can be completely written by
using a single untwisted boson d¢(X\) = dp(¢) = ™M (¢) = dp® (—(), as was pointed out in [@]
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where f({) is a polynomial of degree § — 2 depending on the one-point functions v,(f ), and
has ¢ — 1 degrees of freedom. They can be adjusted by properly choosing vﬁf ) such that the

equations

_oF
-5

_oF
- %

have its maximal § — 1 solutions. This is equivalent to the condition that a(¢) has § —1

P, Q) (€5, Q") (€5Q7) =0 (5.31)

solutions to the equations

. 8@2

az(¢*) = R

(¢*) =0. (5.32)
The solutions are given by?3

Q) =B -V +a? (5.33)
with a polynomial E(¢) = const. [[/Z1(¢C — ¢).

5.3 Conformal backgrounds

1-cut solutions. The conformal backgrounds for 1-cut solutions are given by C-invariant
backgrounds b,(ll) = bg) = b, with

pG 2@=P/P (9 — G/p\ saP\™ o . Gg+p—1
b — _ﬁﬁm m/ <z> n=q+p—2mp;0§m§[7A]

0 (otherwise)
(6 : numerical constant). (5.34)

They can be solved in the same manner with that in the bosonic conformal backgrounds
(see eq. (3.47) of [B]); one simply needs to replace their (p,q) by (p,§). For this, the curve
for Q(¢) = QW (¢) is given by F()(¢,Q) = 0. As is shown in [[], we have the uniformization

parameter z which parametrizes ((, Q) as?4

z =a coshr, (5.35)
¢ = d” cosh pr, (5.36)
Q = Bal coshqr, (5.37)
giving the curve
F((,Q) =277 pP aP [T,;(Q/ﬁaé) - T (C/aﬁ)} =0, (5.38)

Z3The general form of the irrational function would be /(¢ — a)(C — b), but this can always be changed
to y/(? + a? by shifting ¢ properly.

24This z corresponds to the derivative & = (9/8:v[10] in the weak coupling limit, with the relation z =
21=1/2 g,
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where T),(z) is the first Tchebycheff polynomials of degree n, T;,(cosh 7) = cosh(n7). Taking
a branch such that ¢/zP > 0 for Rez — oo, we have

Qo(¢) = g {(C + /C2 _ azp)é/ﬁ + (C _ /C2 _ azp)é/ﬁ} . (5.39)

This agrees with the curve of n = —1 FZZT branes in super Liouville theory [[J] if one
identifies @ = p'/?? (1 > 0). One can easily see that eq. (5.29) is reproduced when p = 1.
Note that the total algebraic equation F'((, Q) = 0 is expressed as

F(G,Q) = 27 3% | Ty (Q/Ba”) — T (¢/a”) | = 0 (5.40)

for even models, and

F(C.Q) = 2750 T,(Q/pa) ~ Ty(¢/a)| =0 (5.41)

for odd models. Thus, even and odd models have the same description for their curves.
By requiring that the odds models are under the C orbifolding, the curves are reduced to
(F-38). This explains why odd models seemed different in Liouville theory [[5.

2-cut solutions. The conformal backgrounds for 2-cut solutions are given by C-invariant
backgrounds b,(ll) = bﬁf) = b,, with

56 2@—D)/P [9m— /D 2\ m i n 1
g RO ZEED (A (LEY (= gm0 < m < [TE2L]
b, = n 2mp—q m 4 2p

0 (otherwise)

(B : numerical constant). (5.42)

Note that they could lead to C- and C-invariant backgrounds if we took p + ¢ € 2Z.
Thus, conformal backgrounds are allowed to have 2-cut solutions only for even minimal
superstrings, (p,q) = (2p,2q) with p + ¢ € 2Z + 1, which we assume in the following
discussions.

For this, the curve F(¢, Q) = 0 for Q(¢) = QW (¢) is not factorized, and is parametrized

as
z =a coshr, (5.43)
¢ = a? sinh pr, (5.44)
Q = Bal sinhgr, (5.45)

giving a curve
F(¢,Q) = (—1)7 2% 3% a7 | Ty (iQ/Baf) + Tog(i/a)| =0 (p+q € 2Z+1). (5.46)
Taking a branch such that ¢/ 2P > 0 for Re z — oo, we have
Qo(¢) = g [(C+ VP +a) P = (~¢+ /P r a2, (5.47)

This agrees with the curve of n = —1 FZZT branes in super Liouville theory [[§] if one
identifies a = |u|'/?? (u < 0). Note that eq. (£:33) is reproduced when p = 1.
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6. n = —1 ZZ branes

In order to make calculations definite, we take the conformal backgrounds (f.34) for 1-
cut solutions and (f.43) for 2-cut solutions. Then the saddle points in ([E23) describe
77 branes [, f]. Recalling that the relations Q((ll)(C) = Q((IQ)(C) hold in the conformal
backgrounds, we have

neutral D-instantons: Fg}”(() = Féb ) —C)

charged D-instantons: Iﬁf)(g) = Fﬁl) —()

6.1 Neutral ZZ branes
The I’&l) is expressed as a function of 7 by integrating dfgl)/dT (d F(H)/dC) (d¢/dr).
Noting that
(11)
dr’,,
dg

with 7, = 7 + 2mia/p, we obtain

= QW (¢() - Q" (¢(M) = Q) (¢(r0) — @S (¢(m)) (6.3)

s s 1
F((lil) = BpaPtd [ P (cosh(ﬁT + (jTa) — cosh(ﬁT + (ij)> F

1

TF— (cosh(ﬁT — (jTa) — cosh(]ﬁT — cjn,)ﬂ , (6.4)

where the upper (resp. lower) sign corresponds to 1-cut (resp. 2-cut) solutions. The saddle
points are found by solving (f.3) as in [§, P]:*

1/ 2a+0b) 2k
]2 (_ p i ?) i (rent) (kez). (6.5)
% (_2(&2;— b) N 2k + 1) i (2-cut)

Setting m = 2(b — a) for both of 1-cut and 2-cut solutions, and n = 2k for 1-cut and
n = 2k + 1 for 2-cut solutions, we have

1 m n
= —— 4+ = ) 6.6
Ta 2( ﬁ +qA)7TZ7 ( )
1( m n
’7'>k = — —|—T + 7) 7Ti. 67
b =3F5 T3 (6.7)

Taking into account the fact that distinct ZZ branes are labeled by the indices (m,n) with
gm — pn > 0 and also counting the contributions from I‘gg), the number of neutral ZZ

25 Other saddle points corresponding to d¢/dr = 0 do not give major contributions to the contour integral,
since the Jacobian vanishes there [j].
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branes is given by

p—1)(g—1
b-D@=1 x 2 (l-cut) 65)
. . 6.8
-1 1
[%} X 2 (2-cut),
where [---] denotes the integer part.?6 Substituting the values (p.§)-(6.4) into Ty, we
obtain the partition functions of neutral ZZ branes:
28d5 . . .
Fg}l)(T*) = —(=1)m™tn 7A2qu a?™? sin m(4 - p)w -sin n(d - p)w. (6.9)
9" =D 2p 2q

They completely agree with the analysis of [[L7].

6.2 Charged ZZ branes

The I‘gf) is expressed as a function of 7 by integrating dI’gf)/dT = (dI’((lf)/dC) - (d¢/dr).
Noting that

(12)
—dI;l“é’ = QM (M) + QM (=¢(m) = QY (¢(ra)) + @ (¢(m)) (6.10)

with 7, = 7+ 2mia/p and 7, = 7 + i (2b + 1)/p, we obtain

I’g,z) = BpaPti [ 7 %1-]3 (COSh(ﬁ’T + 474) + cosh(pr + Cﬁb)) ¥

- 1 _ (cosh(ﬁT - QTG) + cosh(ﬁT — (jfb)ﬂ , (6.11)

where the upper (resp. lower) sign corresponds to 1-cut (resp. 2-cut) solutions. The saddle

points are found similarly by solving (.10) as

1/ 20a+b)—1 2k+1) ,
2 <_ 5 +——) mi (l-cut)

i IR
2 D q

Setting m = 2(b — a) + 1 for both of 1-cut and 2-cut solutions, and n = 2k + 1 for 1-cut
and n = 2k for 2-cut solutions, we have

1 m n
e —— 4+ = ) 6.13
Ta 2( ﬁ_i_(j)m’ (6.13)
1( m n
== (4+=+ 7) Ti. 6.14
F=5(t5 s (6.14)

The number of these charged ZZ branes can be counted in a similar way, and we obtain

g + 1
[pq;- } X 2 (1-cut)

EEDES (619

5 } X 2 (2-cut).

26We also count an instanton with gm — pn = 0, i.e. (m,n) = (p,q).
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Substituting the values (6.19)-(f.14) into Iy, we obtain the partition functions of charged
ZZ branes:

204p ., . m ..n
F(12) T* - (-1 m-+n - ~ aq+p sin — T - SIn — . 6.16
ab ( ) ( ) G2 — pZ 2p 2(] ( )

They also agree with the analysis of [[L3].

7. Conclusion and discussion

In this paper, we formulate a string field theory of type 0B (p,¢) minimal superstrings,
based on the Douglas equation of two-cut two-matrix models. We find that the 2cKP hi-
erarchy is the underlying integrable structure in these systems, and solutions are given
by decomposable fermion states which satisfy the Wi, constraints. We show that
the 2cKP hierarchy is reducible for backgrounds invariant under the Z, transformation,
C: (¢,L) — (—o,—L), which is the case for odd minimal superstrings. Taking into ac-
count this reduction, we establish the correspondence between the operators in the 2cKP
hierarchy and those of super Liouville theory. We also show that background R-R fluxes
are naturally incorporated in our treatment without ambiguity. We calculate various cor-
relation functions and show that they all agree with the results of super Liouville theory.

Type 0A superstrings are obtained by orbifolding the above type 0B systems with
another Zg symmetry C : (o,L) — (—o, L) (charge conjugation). This can be carried
out straightforwardly in the absence of R-R flux. However, in the presence of R-R fluxes,
we better move to the description using Toda lattice hierarchy. The investigation in this
direction is in progress, and will be reported in our future communication [@]
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A. Derivation of eq. (B.13))

To study the double scaling limit, we interpret the operators Q1, Q2, ... as the following
difference operators with respect to the index n =0,1,---:

<04n|Q1T = Z(QlT)nm<am| = Z (QlT)anrk ehon <Ocn‘ = Z ak(n) Ak<an

m k=m—n k

. (A

where ay(n) = (AT), 4k and A f(n) = f(n+1). Equation (P11 or (R.19)) then gives the

recursion relations for the sequence {ay (”)}ZO:O (keZ).
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In the vicinity of the point (z.,y.) = (0,0) we consider, the orthonormal polynomials
{ozn , Bn(y }n=0 1 5... do not behave smoothly for a small change of n, and thus we need

to redefine them as follows [i4]:
~(e) S(e)
Qg () —(_1\k o (7) By, () vk [ Bau()
(aggﬂ( )) =y <a2k+1(:n)>’ (ﬂ%ﬂ( )) = <B2k+1(33)>. (8.2)

With this new basis, a smooth operator acting on orthonormal polynomials can be ex-

pressed as a 2 x 2 matrix of the following form:

_ n n o(2k) AT g (2K + 1) AT
— (130, (—1)[3] = —1)! a2 i
Q=B =) O T A 4 okt yAd )

(A.3)

where n = (n.d,,,,), and the index is rearranged to run as (0,2,4,---;1,3,5,---).

For a generic case, the even and odd subsequences ({al(2k)}zozo and {a;(2k + 1)}:020)
are allowed to have different large N limits. At the 2-cut critical points, however, since the
system carries a continuum phase transition to 1-cut phase, we assume that both of the
even/odd subsequences have the same limit af. Thus the leading large N behaviour of @l
can be given as

oo

Q1 ~ D (1) (0 A —iry a gy AT, (A.4)

=0

If we assume that this behaves as ~ (A — 1)? with some integer p € N, @2 becomes a
differential operator of order p. The same also holds for @vz, which we assume to give a
differential operator of order §. The correctness of this assumption can be checked by using
eq. (B-19) with the corresponding critical potentials V;(z) and Va(y), and can actually be
shown by solving the linear equations for the coefficients of potentials as in the case of
bosonic strings [B].

B. Charge conjugation in terms of infinite dimensional Grassmannian

The charge conjugation is realized by exchanging the operators ¢(1)()\) and ¢(2)()\). This
transformation is well described in terms of the Sato-Wilson operator W (x; ). It is defined
by the similarity transformation with oy as

W (z;0) — WC(C;0) = oy W (z;0)0,. (B.1)
Under this transformation, the Sato equations are invariant,

oW (2%9) _

5.0 ~(WCehorwe ) wC(=%;0). (B.2)

The pair of differential operators (P, Q) at the background b transforms as

(P(®),Q(b)) — (~P(b%), —Q°(t9)), (B.3)
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and eq. (B.§) is changed into the following:

e
PCUC (2 ¢) = 19 (2% <_0C 2) QYT (2%;¢) = g% (2%;() _OBC % (B.4)
ac

with W€ (2€;¢) = 0¥ (2%; ()0
We now turn to the free-fermion description. The charge conjugation of a decomposable
fermion state {<I>> is given by?’

‘@>:ﬁn[}{%q)g)( =0;\) (A ]|oo —>HHU{2M C(l N BN MOO

k=01i=1 k=01=1
oo 2 ] ~

= TIII[ 52 8 = 00 210)] ) = [°). (B.5)
k=01=1

and we see that the two fermions, (' ()\) and ¢ ()), are actually exchanged.

The charge conjugation is not the symmetry of the theory and changes the back-
ground of the theory in general. If we consider, however, the Zo symmetric matrix models,
w(—z,—y) = w(x,y), this system is Zy symmetric at least when their two Fermi levels are
equal to each other. So we can require the following Zs symmetric property:

|29) = |®) (B.6)

at least perturbatively.

C. Derivation of string equations

In this appendix we derive the string equations (B.40)—(B.42) from the Virasoro constraints
(B-39). First we introduce a linear differential operator O as

0= "(n+p) (200 — 22) 8?), (C.1)

n+p n n+p n
n>1

then (B.39) can be rewritten as

1= 1 2 v, 2
Olnt,(z) = “o n(p — n)(xl(ainxg) - xéjnxgl?)) - (wé ) 4 x1(3 ))7 (C.2)
n=1
which takes for p =1, 2 as
p=1: Ol (z)= —g (Cﬂgl) + x§2)), (C.3)
S (e @) ), @)
p=2 omn@y_2f<@1) @1)) g( +2$Y). (C.4)

*"Recall that 1()) is a column vector, ¥(\) = (1/_)(1)()\),1/_)(2) ()\))T.
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Furthermore, taking a difference between eq. (IC.1) with v + 1 and that with v, we obtain
the following formula for Hy(x) = 7,41(x) /7 ():

OlnHy(zx)= :Fg (xl(sl) + :cg)). (C.5)

Then we obtain string equations as follows. First for the p = 1 case, by using egs. (2.61),
(2.62) and (R.64) we obtain

Z(” +1) (xgzlJ)rl(e(l)Ln)fl - xa(mzll(e(Q)Ln)*1> = —gOw;

n>1

- _40O. (‘gag)lnﬂ, -H; ) B ( gza§1)(91n7,, gH+OlnH+>

g —goPmr, —gH_OmH_ ¢?8P0mr,
o, @
—gv —Hy(zy’ +277) (1), (1) @), (2)
= =—gvly—(z7’ (e )1 —xy ()1,
<—H_(x§1)+x§2)) —gv gviz < 1 () 1 (e) 1)
(C.6)

from which we obtain the string equation (B.4(). In deriving the last expression, we used
the formula (B.43).
As for the p = 2 case, by using eq. (R.61]) and (2.64)) again we have

(1) i, (zV (2)
M) (oD n 2) (@ n _ Ly 2H, (xy° +217)
E n+2)(x e/'L") 1 —«x e’ L")_
n>1( ) (@ 4a( )1 = @ )-1) ( 2H,(:c§1) x§2)) xgz)

= —2(af(e®) - — 2l (@) 1) = (2l (WL — 2P (P L)), (1)

from which we obtain the first string equation (B.41]). The second string equation (B.49) is
obtained with a little algebra, but in a way similar to the above:

Z(n +2) (mS}rQ(e(l)L")_g - fo)rQ(e(2)L")_2) = —gQw; + g Ow; - wy
n>1

v—1/2 0 (1) 2) H H_ g((“)f)H_,_ (1) 2) 0 Hi
= — 2 —
g ( 0 v+ 1/2> +2(z5 " +257) gag)H, “H.H. (xy +277) o

(VY20 ) oWy, p@ (e
- g( 0 y+1/2> 2[9”2 (e™)2 —zy7(e )‘2}

— [xgl)(e(l)L_l)_g - x&Z)(e(Z)L_l)_g], (C.8)
where we have used the formulas (B.44) and (B.4€).

D. ZS hierarchy and p = 1 superstrings

Critical behaviour of 2-cut one matrix models have been studied extensively, and a series
of string equations are obtained explicitly [I7-RJ]. We here rederive the results from the

viewpoint of 2cKP hierarchy, and compare them with our analysis based on the string field
formulation.
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We first note that any 2-cut one-matrix model can be realized as a 2-cut two-matrix
model by taking Va(y) = cy?/2 in the potential w(z,y) = Vi(z) + Va(y) — cry. Then the
differential operator P is of order one and will have the form

P =030+ 2H, H= (; Eg*), (D.1)
where Hy € iR due to the reality condition (R.15). This corresponds to the so-called
Zakharov-Shabat hierarchy [0, P1] and was proposed to describe p = 1 minimal su-
perstrings in [P4]. The reduction condition P = oL = (oL)y is in our language the
p = 15 reduction of 2cKP hierarchy with Hy = 7,41/7,. The pseudo-differential operator
o=o03+2> 7 H,0 " can be easily obtained by solving the conditions [P, o] = 0 and
o2 =1, as

H, = H,

1
Hy = —§6H — o3H?,

3 1 1

Hy = So3HOH + 5030H - H + J0°H — 2H?, (D.2)
7 5 1

Hy = —o3HOPH — 03(0H)? — J030°H - H + 303 H'+

1
+6H%0H +3HOH - H — g33H, e
From this one finds

(o)1 = 2H, (D.3)
(oP)_y =2H? - 0H,

(oP?*_ 1 =o03-(0H -H—H-0H) + %32H+4H3, (D.5)
1 1 1 1
(eP?)_, = 3 O*H - H+6H* + S H - O*H — 3 (0H)? + o3 (Z O*H +6H? - 8H>. (D.6)

The differential operator @ is then given by

g+1 g+1
Q= Z nbl" U (eP Y, = 6[10]0'3 + Z nb (e P 1), (D.7)
n=1 n=2
and the corresponding string equation is obtained by rewriting the Douglas equation as®®
4+1 G+1
0= Z nbln1 [P, (O-Pnil)+:| =— Z n b1l [P, (O'Pnfl),]
n=1 n=1
G+1
== nblrUos0+2H, (0P ) 107 + (0P" ) 507 + -]
n=1
G+1
== nblrUos, (P _y]. (D.8)
n=1

BSetting b[lo] = &, we have [030, O’3b[10]] = g1, and thus the Douglas equation [P, Q] = g1z reduces to

()
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Since a nontrivial physical operator appears only once for each n, we use the parametriza-
tion ¢, = b,[ffl] as in the main text.

A string equation of the § = 2 case is given by

(D.9)

0= —241H, — 3t3(30°Hy +4H>H_),
0=—2t1H_ —3t3(30°H_ +4H*H,).

By introducing Hy = £(f1 + f2) and taking t3 = 8/3 (8 = 4) and t; = —p, egs. (D.9) are
rewritten as

{0:%Mfl—g2f{'+%f1(f12—f22)a (D.10)

0=123ufo—g*f5 + 5 f2(f2 — f3).

Here ’ implies the derivative with respect to p, and we have used 0 = g9/t = —g 9/0p.
It is also convenient to rewrite them with Hy = %reix as

1 2.1 2 N2 1 3

0=gpr—gr" —g7r(x')" + 5%,

(D.11)
0= (r2y).

Noticing that 72x’ can be written as —(1/g) (H OH_ — OH_H_), one can see that the
first equation of (B.51) gives an integration constant for the second equation of (D.11]) as
r?x’ = v. Taking the Zo symmetric reduction (y = 0 and thus v = 0) gives the celebrated

Painlevé IT equation [LY]:
1 1
0= SHT — g’ + 57"3. (D.12)

The § = 3 critical point exists in a flow generated by an R-R operator [R4]. The string
equation is given by

0=—2t1Hy —4t4(50°Hy + 6H H_0H,), (D.13)
0=—2tH_+4t4(50°H_+6H H_0H_), '
and is written with Hy = ﬁ(fl + fo),tg=4and t; = —p as
0=gufi =[5+ 31508 = 13), (D.14)
0=gpfo= "+ 31 = £3).
This is the string equation found in [20, RI]. We can also rewrite it as
0= gpur —3(r'x") = r(x" + (X)?) + 37X/, (D.15)
0= (rr" — 3(r")2 + 3r2(x')? — %7"4)/. '

The R-R flux v again gives its integration constant.

We end this appendix with a comment on the normalization of the free energy F'(u;g).
By using the formula (R.65) for Hy together with the reduction condition (9@7’,, =0, we
obtain

2

0 1
92((9?])21117',, = 928—#2 Int, =4H H_ = ~1 2, (D.16)
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It is consistent with the normalization of one-matrix-model calculation [I§-R1],

9?2 1
u(p; g) = a—;ﬁF(“;g) = 17“2(#;9), (D.17)

with the identification Z = e~9 " F9) — T, (15 9) [@]
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